A mixed semi-analytical cum numerical approach is presented in this paper which accounts for the coupled mechanical and electrical response of piezoelectric, functionally graded (FG) and layered composite hollow circular cylinders of finite length. Under axisymmetric mechanical and electrical loadings, the three-dimensional problem (3D) gets reduced to a two-dimensional (2D) plane strain problem of elasticity. The 2D problem is further simplified and reduced to a onedimensional (1D) by assuming an analytical solution in longitudinal direction (z) in terms of Fourier series expansion which satisfies the simply (diaphragm) supported boundary conditions exactly at the two ends z = 0, l. Fundamental (basic) dependent variables are chosen in the radial direction (thickness coordinate) of the cylinder. The resulting mathematical model is cast in the form of first order simultaneous ordinary differential equations which are integrated through an effective numerical integration technique by first transforming the BVP into a set of initial value problems (IVPs). The cylinder is subjected to internal/external pressurized mechanical and an electrical loading. Finally, numerical results are obtained which govern the active and sensory response of piezoelectric and FG cylinders. Numerical results are compared for their accuracy with available results. New results of finite length cylinders are generated and presented for future reference.
INTRODUCTION
YLINDERS made of composites have seen an ever increasing use in the process industry during the last twenty five years. Their use as a material of choice for pressure vessels and components is due to the fact that they possess longer life in a corrosive environment, low weight but high strength and stiffness, and the capability to tailor directional strength properties to design needs. The development of piezoelectric and graded composite materials offers great potential for use in cylindrical vessels in advanced aerospace structural applications. The basic shape of piezoelectric device is circular cylinder which is used as transducers, which can reflect and receive waves from the media when it is pressurized. Also, it converts the electrical pulses to mechanical energy and mechanical energy to electrical pulses when pressurized. This basic device has many other applications like ultrasound, ground penetrating radar, which is extremely useful. It is very important to understand the behavior of such devices before it is used for engineering design. In view of this, present study is focused on such cylinders which are made up of 
For piezoelectric cylinder additional charge equilibrium equation Cady [12] is written as, 
Stress displacement relations
Stresses in terms of displacement components for piezoelectric material can be cast as follows Cady [12] : 
Boundary conditions
Boundary conditions in the longitudinal and radial directions are: 
In which l is the length, r i is the inner radius and r o is the outer radius of a hollow cylinder. Load p(z) can be represented in terms of Fourier series in general form as follows,
In which p i is the Fourier load coefficient which can be determined by using the orthogonality conditions and for sinusoidal loading,
where p 0 is the maximum intensity of sinusoidal distributed pressure.
FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS
Radial direction r is chosen to be a preferred independent coordinate. Six fundamental dependent variables, viz., displacements, u, w and φ and corresponding stresses, σ r, τ rz and D r that occur naturally on a tangent plane rconstant, are chosen in the radial direction. Circumferential stress σ θ , axial stress σ z and axial electric displacement D z are treated here as auxiliary variables since these are found to be dependent on the chosen fundamental variables Kant and Ramesh [13] . A set of six first order partial differential equations in independent coordinate r which involve only fundamental variables is obtained through algebraic manipulation of Eqs. (1) 
The A matrix coefficients are defined in Appendix A.
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Basic fundamental variables
Variations of the six fundamental dependent variables which completely satisfy the boundary conditions of simple (diaphragm) supports at z0, l can then be assumed as, 
FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS
Substitution of fundamental variables given in Eq. (8) 
The B matrix coefficients are defined in Appendix B. It is considered that all material constants have a powerlaw dependence on the radial coordinate in case of FG cylinder, i.e., ( ) ( / )
, nnon dimensional arbitrary constant/ nonhomogeneity parameter, E o constant parameter which has the same dimension as E(r), r i inner radius. E(r) is function dependent on position. Spatial variation of Poisson's ratio is of much less practical significance than Young's modulus. Hence, Poisson's ratio is assumed to be constant. This assumption, commonly made in the literature on FG materials, leads to considerable mathematical simplification. It can be easily proved that when the material is isotropic and if n0 for the homogeneous case, results are same as given by Timoshenko and Goodier [4] for plane strain elasticity solution for Lame cylinder.
NUMERICAL INTEGRATION
The above system of first order simultaneous ordinary differential Eqs. (9) together with the appropriate boundary conditions at the inner and outer edges of the cylinder Eq. (5) forms a two-point BVP. However, a BVP in ODEs cannot be numerically integrated as only a half of the dependent variables (three) are known at the initial edge and numerical integration of an ODE is intrinsically an IVP. It becomes necessary to transform the problem into a set of IVPs. The initial values of the remaining three fundamental variables must be selected so that the complete solution satisfies the three specified conditions at the terminal boundary Kant and Ramesh [13] . The nth (n6 here) order BVP is transformed into a set of (n/2+1) IVPs. ODEs are integrated from initial edge to final edge using the initial values as shown in Table 1 . The n/2+1 solutions given in the Table 1 may be thought of as (i) one non-homogeneous integration which includes all the non-homogeneous terms (e.g., loading) and the known n/2 quantities at starting edge, with the unknown n/2 quantities at the starting edge set as zero, (ii) n/2 homogeneous integrations which are carried out by setting the known quantities at the starting edge as zero and choosing the n/2 unknown quantities at starting edge as unit values in succession and deleting the non-homogeneous terms from the ODEs. The solutions at the terminal boundary corresponding to the initial values of Table 1 are given in the right Table 1 © 2010 IAU, Arak Branch 
where i indicate the n/2 variables consistent with the specified boundary values at terminal edge, j refers to solution number and ranges from 1 to n/2, i Y is a vector of specified dependent variables at the terminal boundary and j X is a vector of unknown dependent variables at the starting edge. Finally a non-homogeneous integration with all the dependent variables known at the starting edge is carried out to get the desired results. Fourth order Runge-Kutta algorithm is used for the numerical integration of the IVPs. Stability of the present numerical technique is checked via convergence study by taking different step sizes in RK4 algorithm. The solution technique, fourth order RungeKutta-Gill routine, adopted here has an advantage of being self starting. The step size for the independent variable 'r' can be varied without any difficulty. Because of this laminated and gradient material cylinders can be easily tackled with this technique. Computer program has been developed to handle the static response of finite length simply (diaphragm) supported (SS) orthotropic, cross-ply laminate, functionally graded and piezoelectric cylinders. All the computations are carried out using GNU fortran compiler on Linux machine. A flow chart Fig. 2 is given for the complete numerical procedure.
NUMERICAL EXAMPLES
Three sets of numerical results are presented for clear comparison, i.e., (1) results from the present 2D finite length cylinder formulation, (2) computations on the analytical formulae available for infinitely long cylinder under plane strain condition given in literature and (3) results of the 1D infinitely long cylinder which are numerically integrated by the present technique.
Example 1: Finite piezoelectric cylinder under sinusoidal pressure and electric load
Following cases are studied which cover the actuators and sensory response of the smart cylinder. 
Following material properties are used for the material Piezoceramics PZT-4 Galic and Horgan [8] , Kangming and Noor [14] . 
Here, the cylinder is subjected to sinusoidal mechanical and electric loads; the results within the limited central length zone only are compared with the plane strain one dimensional solutions. A hollow cylinder is analyzed by taking r i /r o 1/2 and two l/R ratios, 4/3 and 100/3. Radial and hoop quantities are maximum at zl/2 whereas axial quantities are maximum at z0, l. In Table 2 , results are shown for Case 1 boundary conditions where only internal pressure is applied. Although the boundary condition includes zero electric potential at both inner and outer surfaces, an electric potential developed in the interior of the cross-section. Problem with purely electrical boundary condition as given in Case 2 is analysed next. In case 3, both electrical and mechanical boundary conditions are applied. Results for infinitely long piezoelectric cylinder from the present formulation is also given. Results are compared for all the three cases of boundary conditions for a cylinder with l/R100/3 with that of Galic and Horgan [9] , which is infinitely long plane strain cylinder. Excellent agreement is seen. Fig. 3 shows distribution of electric potential and radial stress through thickness for r o /r i 2 for piezoelectric cylinder for Case 3 boundary conditions. Fig. 4 shows the distribution of radial electric displacement and shear stress through thickness for r o /r i 2 for piezoelectric cylinder for Case 3 boundary conditions. Comparison of the results is given in Table 2 .  r P re s e n t in fin ite c y lin d e r P re s e n t fin ite c y lin d e r l /R = 4 /3 P re s e n t fin ite c y lin d e r l /R = 1 0 0 /3 G a lic a n d H o rg a n (a)  r P re s e n t in fin ite c y lin d e r P re s e n t fin ite c y lin d e r l /R = 4 /3 P re s e n t fin ite c y lin d e r l /R = 1 0 0 /3 G a lic a n d H o rg a n (b) Fig. 3 Distribution of electric potential and radial stress through thickness for r o /r i =2 for piezoelectric cylinder. Fig. 4 Distribution of radial electric displacement and shear stress through thickness for r o /r i =2 for piezoelectric cylinder.
Table 2
Electric potential  (z = l/2) through thickness in non dimensional form for piezoelectric finite length cylinder for r o /r i =2
Analytical (1D) (Galic and Horgan [9] ) 
Example 2: FG cylinder under external pressure loading
In the following, material properties and loading conditions are used for the analysis Horgan and Chan [7] . Figs. 5 and 6 show the variation of radial and hoop stresses for r i /r o 1/10 and inhomogeneity parameters n1/20, 1/2, 1/5 and 0 under pressure loading for l/r i 1000 and l/r i 5. Radial and hoop stresses are compared with analytical solutions given in Horgan and Chan [7] for infinitely long cylinder in Table 3 . As seen from Figs 5 and 6, for l/r i 1000, the value of radial stress decreases for higher value of inhomogeneity parameters. Thus, by selecting a proper value of n, it is possible to tailor the stresses as per the design requirements by engineers. Radial and hoop quantities are maximum at zl/2 whereas axial quantities are maximum at z0, l. Radial and hoop stresses through thickness with different non-homogeneity parameters for r i /r o =1/10 for l/r i =5 under pressure loading.
Table 3
Comparison of non-dimensional radial stress r  (z=l/2) and hoop stress   (z=l/2) through thickness for diaphragm supported 
Radial and hoop quantities are maximum at zl/2, whereas axial quantities are maximum at z0, l. Analytical solution for radial stress, hoop stress and radial displacement from exact theory of anisotropic elasticity for infinitely long plane strain cylinder is given in Lekhnitskii [17] . These are used to validate and check the present results wherever applicable. Comparisons of the results are given in Table 4 . Here, first a long cylinder is subjected to a sinusoidal pressure load; the results within the limited central length zone only are compared with the plane strain 1D solution. A good agreement is obtained. It is clearly seen that for infinitely long cylinders with higher l/R ratios, the results are very close to the elasticity solution given by Lekhnitskii [17] , for thick, moderately thick and thin cases. Fig. 7 shows the distribution of radial stress  r and radial displacement u through thickness subjected to sinusoidal loading for orthotropic cylinder. Distribution of radial stress r  and radial displacement u through thickness subjected to sinusoidal loading for orthotropic cylinder.
CONCLUSIONS
Elasticity theory is utilized here for BVPs of finite length composite, FG and piezoelectric cylinders. A simply (diaphragm) supported cylinder under axisymmetric mechanical and electric load is considered as a two-dimensional (2D) plane strain problem of piezoelasticity. Mathematical model is based on the exact theory of piezoelasticity without any kinematic and kinetic assumptions. Basic equations are cast in a form suitable for numerical integration in the radial direction. Numerical integration technique adopted here is found to be very effective and accurate. Stresses and displacements in axial and radial directions from mechanical and electrical loadings in cylinders having various l/R ratios are presented for future reference. 
